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Abstract — Particle swarm optimization (PSO) has emerged as an acclaimed approach for solving 
complex optimization problems. The nature metaphors of flocking birds or schooling fish that 
originally motivated PSO have made the algorithm easy to describe but have also occluded the view of 
valuable strategies based on other foundations. From a complementary perspective, scatter search (SS) 
and path relinking (PR) provide an optimization framework based on the assumption that useful 
information about the global solution is typically contained in solutions that lie on paths from good 
solutions to other good solutions. Shared and contrasting principles underlying the PSO and the SS/PR 
methods provide a fertile basis for combining them. Drawing especially on the adaptive memory and 
responsive strategy elements of SS and PR, we create a combination to produce a Cyber Swarm 
Algorithm that proves more effective than the Standard PSO 2007 recently established as a leading 
form of PSO. Applied to the challenge of finding global minima for continuous nonlinear functions, 
the Cyber Swarm Algorithm not only is able to obtain better solutions to a well known set of 
benchmark functions, but also proves more robust under a wide range of experimental conditions. 
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1. Introduction 
The particle swarm optimization (PSO) algorithm, introduced by Kennedy and Eberhart (1995), 

simulates a model of sociocognition. In a social learning environment, individuals’ behaviors are 

hypothesized to converge to the social norm (global optimum) derived from the historical interactions 

among individuals, especially from those experiences (trial solutions) whose quality passes an 

acceptance threshold. PSO has drawn on this model, embellished with metaphors referring to 

“swarming behavior” of insects, birds and fish, to gain recognition as a useful method for complex 

optimization problems in areas such as artificial neural network design (Eberhart and Shi, 1998), state 

estimation for electric power distribution systems (Shigenori et al., 2003), and curve segmentation 

(Yin, 2004), just to name a few. We propose that PSO can be usefully extended by marrying it with 

adaptive memory programming (Glover, 1996), an approach founded on problem solving processes 

emulating those employed by the human brain. In particular, we undertake to test the conjecture that 

the performance of PSO can be substantially improved by exploiting appropriate strategies from 

adaptive memory programming. 

Most of the PSO variants that have been developed faithfully resemble the original PSO form of 
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Kennedy and Eberhart (1995). Recently, however, Mendes et al. (2004) have proposed a departure 

consisting of a PSO system that enlarges its knowledge base by informing each particle of the set of 

best outcomes obtained in the process of examining every other particle in its neighborhood. This 

contrasts with the usual approach that informs the particle only of the single best outcome found in the 

process of examining its neighbors. Significantly, the Mendes et al. strategy resembles a more general 

theme embodied in scatter search (SS) (Laguna and Marti, 2003), where a current solution (particle) 

can profit from information derived from all others in a common reference set, which is not restricted 

simply to neighbors of the solution. The SS method dynamically updates such a reference set 

consisting of the best solutions observed throughout the evolution history, and systematically selects 

subsets of the reference set to generate new solutions. These new solutions are then subjected to an 

improvement process and compared with current members of the reference set as a basis for updating 

this set to enhance its composition. 

PSO has several features similar to those found in the adaptive memory strategy of Path Relinking 

(PR) (Glover, 1998), in respect to generating new trial solutions. Trial solutions in PR are points 

resulting from relinking previously found high quality solutions, using search paths that treat one of 

the solutions as an initiating solution and the others as guiding solutions. (See Glover et al. (2000) for 

an overview of the interrelated scatter search and path relinking methods, including a compilation of 

applications.) PSO can be compared to the PR process by viewing the currently examined particle as 

an initiating solution and the previous best solutions derived from this particle and its neighbors as the 

guiding solutions. There are, however, some substantial differences between PSO and the SS/PR 

approach.  

(1) PSO keeps track of the previous best solution of each particle and that of its neighbors, while SS 

maintains a reference set of the best solutions that have been observed throughout the search. 

(2) PSO orients the trajectory of each particle towards the previous best solutions found by searches 

launched from this particle and from its neighbors, while PR employs a more general way to 

combine solutions via relinking search trajectories, not restricted to the particle itself or its 

neighbors. 

(3) PSO constrains each particle to generate a single trial solution, whereas the SS/PR approach 

provides a basis for systematically generating multiple combined solutions. 

In addition to these differences, the SS/PR method employs a strategy of adjusting incumbent trial 

solutions by reference to different types of interactions among these solutions, thus accommodating a 

form of search that uses multiple neighborhoods, as in Glover and McMillan (1986), Malek et al. 

(1989) and Mladenovic and Hansen (1997). This strategy may be viewed from the standpoint of the 

swarm metaphor as embracing a form of sociocognition that operates within social networks that are 

dynamic, in contrast to operating within a static social network as currently occurs in most of the PSO 



 
 

 

 

3

algorithms. 

Based on these shared and contrasting features of PSO and SS/PR, we propose a Cyber Swarm 

Algorithm that integrates key elements of the two methods. The adjective “Cyber” emphasizes the 

connection with intelligent learning provided by the SS/PR-related components, which in turn draw 

upon the adaptive memory mechanisms introduced by tabu search. (Such adaptive memory, which 

makes use of recency and frequency memory of various types, and of special processes for exploiting 

them, evidently proves valuable for creating an enhanced form of Swarm algorithms, as our study 

shows.) To test the efficacy of the Cyber Swarm Algorithm, we have submitted it to the challenge of 

solving unconstrained nonlinear optimization problems, which is a common vehicle used to verify the 

merit of various PSO algorithms. Computational outcomes on a widely used set of benchmark 

functions disclose that the resulting method is more effective than one of the best forms of PSO. 

It is to be emphasized that we have avoided recourse to supplementary nonlinear optimization 

methods, such as various currently employed gradient-based or derivative-free nonlinear algorithms. 

(The best metaheuristic methods that incorporate such supplementary procedures are provided by 

Hedar and Fukushima (2006) and Duarte et al. (2007) for problems of moderate dimension, and by 

Hvattum and Glover (2007) and Vaz and Vicente (2007) for problems of large dimension.) 

Consequently, the advantages of the Cyber Swarm approach over customary PSO approaches owe 

entirely to the inclusion of the adaptive memory framework, as opposed to the use of supplementary 

nonlinear algorithms. This invites the possibility that the adaptive memory principles that prove 

efficacious in the present setting may also have value for creating related Cyber Swarm methods in 

other problem solving contexts.  

The remainder of this paper is organized as follows. Section 2 presents a literature review and 

Section 3 proposes the Cyber Swarm Algorithm and describes its salient features. Section 4 presents 

the experimental results together with an analysis of their implications. Finally, concluding remarks 

and a discussion of future research possibilities are given in Section 5. 

 

2. Literature Review 
2.1 Particle Swarm Algorithms 

The sociocognition theory that motivates the original PSO algorithm states that social cognition 

happens in the interactions among individuals in such a manner that each individual learns from its 

neighbors’ behavioral models, especially from those learning experiences that are rewarded. PSO also 

draws inspiration from a biological metaphor, observing that a “swarm” consisting of flocking birds 

will synchronize their flight, change direction suddenly, scatter and regroup again. This is also 

remarked to be analogous to a process of foraging, where each individual in the swarm, called a 
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particle in PSO terminology, benefits from its own experience and that of the other swarm members 

during a foraging process in order to increase the chance for finding food.  

 
1 Initialize. 

1.1 Generate N particle positions, iP
r

= (pi1, pi2, …, pir), 1 ≤ i ≤ N, at random. 
1.2 Generate N velocity vectors, iV

r
= (vi1, vi2, …, vir), 1 ≤ i ≤ N, at random. 

2 Repeat until a stopping criterion is met. 
2.1 Evaluate the fitness of each particle iP

r
. 

2.2 Determine the best vector pbesti visited so far by each particle iP
r

. 
2.3 Determine the best vector nbest observed so far by the neighbors of particle iP

r
. 

2.4 For each particle iP
r

, update velocity vector iV
r

 by 
 vij ← K(vij +ϕ1rand1(pbestij – pij) + ϕ2rand2(nbestj – pij)), ∀ j =1, …, r 

2.5 For each particle iP
r

, update particle’s position by 
 pij ← pij + vij, ∀ j =1, …, r 

 
Fig. 1.  Summary of the Type 1″ constriction PSO algorithm. 

 

Many PSO variants have been proposed since the first one, but most of them resemble the Type 1″ 

constriction model (Clerc and Kennedy, 2002), which is one of the most popularly used PSO 

algorithms. The procedure of the Type 1″ constriction PSO is summarized in Fig. 1. Given an 

optimization problem characterized by r real-valued decision variables, the Type 1″ constriction PSO 

initiates a swarm of N particles generated at random, each of which is represented by a vector iP
r

= (pi1, 

pi2, …, pir). A velocity vector iV
r

= (vi1, vi2, …, vir) is randomly created for each particle and is 

repeatedly updated during the evolution process to guide the search trajectory of the particle. In each 

iteration of the main loop (Step 2 in Fig. 1), the fitness of each particle is evaluated. Then, the particle’s 

personal best (pbesti) and neighbors’ best (nbest) are identified. There are at least two versions for 

defining nbest. In the local version, each particle keeps track of the best solution (denoted by nbest = 

lbest) visited by its neighbors defined in a neighborhood topology. For the global version where each 

individual particle is connected to every other, the best solution (denoted by nbest = gbest) is 

determined by reference to all particles in the swarm. Hence, the global version is a special case of the 

local version. To construct the search course, for each particle we update its velocity iV
r

 and position iP
r

 

through each variable dimension j using Eqs. (1)-(3) as follows. 

vij ←K(vij+ 1ϕ rand1(pbestij – pij) + 2ϕ rand2(nbestj – pij)) (1) 

( ) ( ) ( )21
2

2121 42

2

ϕϕϕϕϕϕ +−+−+−
=K  (2) 

and 

pij ← pij + vij (3) 
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where ϕ1 and ϕ2 are the cognitive coefficients, rand1 and rand2 are random real numbers drawn from 

U(0, 1), and K is the constriction coefficient. In essence, the particle explores a potential region 

defined by pbest and nbest, while the cognitive coefficients and the random multipliers change the 

weightings for the two best solutions in every iteration. Clerc and Kennedy (2002) suggested the use of 

the constriction coefficient to ensure the convergence of the algorithm. Typically, ϕ1+ϕ2 is set to 4.1 

and K is thus 0.729. 

Mendes et al. (2004) pointed out that the constriction model does not limit the use of two cognitive 

coefficients, it is only necessary that the parts sum to a value that is appropriate for K. This implies that 

the particle velocity can be adjusted using any number of terms. Mendes et al. (2004) have studied a 

number of weighting schemes to combine all neighbors’ information instead of only using the best 

among them. Let kω  estimate the relevance of social influence from particle k, the velocity iV
r

 can be 

updated by 

vij ← K(vij +ϕ (mbestij – pij)) (4) 

and 

mbestij =
∑

∑
Ω∈

Ω∈

i

i

k kk

k kjkk pbest

ϕω
ϕω , ∑ Ω∈

=
ik kϕϕ  and 









Ω
∈

i
k U max,0 ϕϕ  (5) 

where Ωi is the index set of neighbors of particle i. In the algorithm, called FIPS (Fully Informed 

Particle Swarm), the particle is fully informed by all its neighbors defined in the given social network 

(neighborhood topology). 

We next sketch the background of the scatter search and path relinking methods. 

2.2 Scatter Search 

Scatter search (SS) (Glover, 1977; Laguna and Marti, 2003) is an evolutionary algorithm that 

operates on a set of diverse elite solutions, referred to as reference set, and typically consists of the 

following elementary components (Glover, 1998). 

(1) Diversification generation method   An arbitrary solution is used as a starting point (or seed) to 

generate a set of diverse trial solutions. There are a number of ways to implement this process such 

as using experimental design in statistics or taking advantage of the problem structure. 

(2) Improvement method   This method is concerned with solution improvement in two aspects: 

feasibility and quality. The improvement method generally incorporates a heuristic procedure to 

transform an infeasible solution into a feasible one, or to transform an existing feasible solution to 

a new one with a better objective value.  

(3) Reference set update method   A small reference set containing high quality and mutually diverse 

solutions is dynamically updated throughout the evolution process. Subsets of the reference set are 
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used to produce new solutions that compete with the incumbent members for inclusion as new 

members in the set. A simple option to update the reference set is to include the best solution as the 

first member and then select the remaining members according to their solution quality relative to 

the objective value. However, the next solution to be selected must satisfy the minimum diversity 

criterion requesting that the minimum distance between this solution and the members currently in 

the reference set is greater than a specified threshold.  

(4) Subset generation method   Subsets from the reference set are successively generated as a basis 

for creating combined solutions. The simplest implementation is to generate all 2-element subsets 

consisting of exactly two reference solutions. (In contrast to genetic algorithms, elements are not 

chosen randomly or pseudo-randomly with replacement. The relatively small size of the reference 

set by comparison to a population of solutions maintained by a genetic algorithm lends cogency to 

the systematic generation of subsets in SS.) Campos et al. (2001) have empirically shown that the 

subset generation method employing 2-element subsets can be quite effective, though systematic 

procedures for generating key subsets consisting of larger numbers of elements, as proposed in the 

template of Glover (1998), invite further investigation. 

(5) Solution combination method   Each subset produced by the subset generation method is used to 

create one or more combined solutions. The combination method for solutions represented by 

continuous variables employs linear combinations of subset elements, not restricted to convex 

combinations. The weights are systematically varied each time a combined solution is generated.  

The basic SS algorithm proceeds as follows. The diversification generation method and 

improvement method are applied to create a set of solutions that satisfy a critical level of diversity and 

quality. This set is used to produce the initial reference set. Different subsets of the reference set are 

generated and used to produce new solutions by the solution combination method. These combined 

solutions are further improved by the improvement method. The reference set is then updated by 

comparing the combined solutions with the solutions currently in the reference set according to 

solution quality and diversity. The process is repeated until the reference set cannot be further updated. 

The ability to implement each of these components in a variety of ways gives SS considerable 

flexibility. 

2.3 Path Relinking  

As previously noted, PR is based on the hypothesis that elite solutions often lie on trajectories 

from good solutions to other good solutions. PR therefore undertakes to explore the trajectory space 

between elite solutions in an effective manner. To construct a relinked path, a solution is selected to be 

the initiating solution and another solution is designated as a guiding solution. PR then transforms the 

initiating solution into the guiding solution by generating a succession of moves that introduce 

attributes from the guiding solution into the initiating solution. The relinked path can go beyond the 
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guiding solution to extend the search trajectory. Upon reaching the guiding solution, additional moves 

can be performed by further introducing new attributes that are not in the initiating solution. Multiple 

guiding solutions can also be used together to compose a form of “composite target” for the initiating 

solution. PR is well fitted for use as a diversification strategy that also exhibits elements of 

intensification. When the search of a particular algorithm gets stuck in a local optimum, PR can be 

executed to identify new promising solutions that are otherwise bypassed by the normal process of the 

algorithm.  

Additional information about scatter search and path relinking can be obtained using Google 

search. On October 30, 2007, the search phrase “scatter search” returned about 52,800 web pages and 

“path relinking” returned about 28,800 web pages. The first references encountered on Google give a 

good background for basic understanding.  

 

3. The Cyber Swarm Algorithm 

Our proposed Cyber Swarm Algorithm has the following features. 

1) Learning from the Reference Set Members: We speculate that one of the main PSO stipulations, 

which says that each particle should be limited to interacting with its previous best solution and the 

best solutions of its neighbors, may result in too rigidly constraining the learning capability of the 

particles. A conspicuous reason for this speculation is that there is little to learn from interacting with 

the neighbors’ best solutions if the quality of these solutions is worse than the average quality of the 

best solutions from a similarly sized set derived by reference to all the particles. We also anticipate the 

possibility that the region found by interacting with a neighbor’s best solution may not be better than 

that found by additionally interacting with the second best, or third best, etc. On this basis, we envision 

that it may be better to consider a small collection of the best solutions observed overall by the entire 

swarm, making use of the reference set notion from scatter search and path relinking. Hence, in the 

proposed Cyber Swarm Algorithm, the set of the interacting solutions for each particle is augmented to 

become the reference set of SS and PR.  

The successes of scatter search owe in part to its mechanisms for manipulating and updating the 

reference set. A similar memory structure has also recently been embodied in the multi-objective PSO 

(MOPSO) proposed by Coello Coello et al. (2004), called the external repository. This collection 

contains the non-dominated solutions observed so far, and one of its members is randomly chosen by 

the MOPSO algorithm to serve in place of the neighbors’ best solution. In this respect, the idea of the 

reference set (or external repository) provides a link between the SS method and developments more 

recently introduced in the PSO literature. However, a key difference is that SS draws elements 

systematically from the reference set, rather than making a random selection. 
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The Cyber Swarm algorithm builds on these ideas by prescribing that each particle learns from 

interactions with members of the reference set. For this, we maintain an array of historical best 

solutions, denoted RefSol[i], i = 1, …, R, where R is the size of the reference set. The solutions RefSol[i] 

are sorted according to the decreasing order of their solution quality relative to objective values, i.e., 

RefSol[1] indicates the best solution in the reference set and RefSol[R] represents the worst of them. 

Our experimental results disclose that pbesti and RefSol[1] (which is also the solution gbest using PSO 

terminology) are essential guiding solutions for capturing the proper social influence effects. The 

removal of either term causes the overall performance to significantly deteriorate even if other 

members of the reference set interact with the incumbent particle. This is due to the fact that the 

inclusion of pbesti induces a useful intensification of the search over the particular local region in 

which the particle lies, while the guidance given by RefSol[1] contributes an element of global 

intensification that likewise enhances the quality of the solutions generated. If both pbesti and RefSol[1] 

are present in the social influence process, the addition of another different guiding solution using 

RefSol[m], m > 1 ( i.e., any other member in the reference set) adds fruitful information that is not 

contained in either pbesti or RefSol[1] and this strategy succeeds in significantly improving overall 

performance. By contrast, the region explored by using only a particle’s best and the swarm’s best 

solutions for guidance may not be better than the region explored by additionally using swarm’s 

second best solution for guidance (or its third best, etc.) To implement its basic strategy, the Cyber 

Swarm Algorithm uses the following velocity updating formula for the ith particle, which replaces Eq. 

(1) of the PSO method, 

( ) 

















−
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+++← ij
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mfSolRefSolRepbest
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332211
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][]1[
ϕωϕωϕω

ϕωϕωϕω
ϕϕϕ  (6) 

where 





∈

3
,0 maxϕϕ Uk

 and m > 1. (7) 

The weighting ωi between the three guiding solutions can be performed in a number of ways. In 

this paper, we use equal weighting, fitness weighting, and self weighting. Equal weighting gives the 

same weight to each guiding solution, fitness weighting determines the weight according to the 

guiding solution’s fitness, and self weighting gives the particle’s own best half of the total weight and 

the two other guiding solutions share the other half of the weight. 

Following the rationale previously indicated, the Cyber Swarm Algorithm uses three strategically 

selected guiding solutions, which is a number between that used by the original PSO (which relies on 

two guiding solutions) and that used by the FIPS model (which treats the previous bests of all 

neighbors as guiding solutions). Our preliminary experimental results reveal that a navigation guided 
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by more than three solutions in our algorithm, employing any of the three weighting schemes (equal 

weighting, fitness weighting and self weighting) impairs the overall performance of our algorithm. We 

conjecture that this occurs because the guidance information is blurred when incorporating too many 

terms in the social influence process at the same time. This property has also been encountered in 

previous work. Scatter search emphasizes the relevance of combining between 3 and 5 solutions, and 

the study of Campos et al. (2001) found that most of the high quality solutions come from 

combinations using at most 3 reference solutions. Consequently, in situations where computational 

resources are limited, it can be worthwhile to limit attention to using 2 or 3 reference solutions. 

Mendes et al. (2004) have also more recently found that their FIPS algorithms perform best when a 

neighborhood size of 2 to 4 neighbors is used, and increasing the neighborhood size causes the system 

performance to deteriorate. It was, however, found in Liang et al. (2006) that using any other’s pbest 

through tournament selection as the single guiding point can lead to a better result than several existing 

PSO methods. Their method, called the CLPSO, allows a particle to learn from different pbests in 

different dimensions in order to prevent premature convergence. Our Cyber Swarm Algorithm differs 

from the CLPSO in several aspects. The particle learns from all members in the reference set, not 

restricting to the best of its neighbor(s). The use of three strategically selected guiding points provides 

a good balancing between the diversification and intensification searches. The dynamic social network 

as noted in the next feature point facilitates the learning with multiple viewpoints that the CLPSO 

lacks. 

2) Dynamic Social Network: Most PSO algorithms use a static social network throughout their 

execution. Each individual particle always interacts with the same neighbors connected in the given 

neighborhood topology, thus providing what may be viewed as a limited context for transmitting social 

influence. To remedy this limitation, our Cyber Swarm Algorithm incorporates the dynamic 

perspective of scatter search. As a consequence, the context of interactions is enlarged in a manner 

analogous to eliciting multiple viewpoints as a basis for influencing the individual is by the group it 

communicates with. Each such viewpoint is provided by an interaction with another member in the 

reference set, and the learner benefits from the influence of the best of all these interactions. 

Consequently, the resulting social network allows the particle to determine the best neighborhood 

topology as a consequence of the influence of the indicated interactions. As added motivation, we 

observe that the social network in the human world is also dynamic. People may get involved in 

different social networks at different times due to travel, changing residences, graduation, 

job-switching, and many other social activities. Miranda et al. (2007) proposed a Stochastic Star 

topology where a particle is informed by the global best subjected to a predefined probability p, thus 

the classical Static Star topology can be viewed as a special case of the Stochastic Star framework 

when p = 1. Their experimental results showed that the Stochastic Star topology leads in many cases to 
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better results than the classical Static Star topology. Our dynamic social network notion differs from 

the Stochastic Star topology in at least the following two aspects. Firstly, the Stochastic Star topology 

favors in a stochastic manner for choosing the particles the global best communicates with, while in 

the dynamic social network a particle communicates with multiple groups which are strategically 

generated based on the reference set. Secondly, a particle that is connected in the Stochastic Star 

topology is informed by the global best of the entire swarm. By contrast, in the dynamic social network 

a particle is informed by every member from each of its communicating groups, and the best 

descendent particle resulted from these communications is retained. 

3) Diversification Strategy: Historically, PSO has emphasized an intensification strategy that 

encourages search trajectories directed towards the best solutions found by the particles. However, the 

approach largely overlooks the important element of diversification, which drives the search into 

uncharted regions and generates solutions that differ in significant ways from those seen before (see, 

e.g., Glover and Laguna, 1997). To create an effective hybrid, we endow the Cyber Swarm Algorithm 

with two diversification strategies from the SS/PR approach. The minimum diversity strategy 

stipulates that any two members in the reference set should be separated from each other by a distance 

that satisfies a minimum threshold. In other words, a member x in the reference set is replaced by a new 

solution y only if the quality of y is better than that of x, and in addition the minimum distance between 

y and the other members currently in the reference set is at least as large as the specified threshold. This 

permits the search trajectories to enter new regions by exploiting the interactions with each member in 

the reference set. The value of the minimum diversity threshold is adaptive to the given optimization 

problem by taking into account the mean length of ranges of variables. There also exist more 

sophisticated strategies, those who are interested can refer to Laguna and Marti (2003).  

The exploratory diversity strategy undertakes to explore uncharted regions when efforts to find a 

new best solution stagnate. The strategy is implemented in our current approach by means of the path 

relinking technique based on the supposition that diversity among high quality solutions is facilitated 

by linking under-explored regions to the overall best solution RefSol[1] observed by the entire swarm. 

A wealth of approaches are provided by the diversification generation method in scatter search (Glover, 

1998; Laguna and Marti, 2003) that can be used to detect under-explored regions. In this paper, we 

employ the biased random approach to achieve a balance between quality and efficiency. For this 

purpose, we represent trial solutions in r-dimensional real vector space where, for each dimension, the 

value range of the variable is partitioned into b intervals. We then construct a matrix frequency[i][j], i 

∈  [1,…, r], j ∈  [1,…, b], to record the residence frequency that indicates how many times each value 

interval is occupied by any trial solution generated during the search history. To generate a trial 

solution in the under-explored regions, we randomly sample its ith variable value in a chosen interval j 
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with a probability prob[j] = ( ) ( )∑ ∈
+−+−

],...,1[ maxmax ]][[]][[
bk

kifrequencyfreqjifrequencyfreq εε  where 

freqmax is the maximum value currently in frequency[i][j] and ε is a small constant. A trial solution 

generated in this way will be denoted by biased_random_particle. The exploratory diversity strategy 

explores the trajectory space by performing the path relinking operation, 

( )]1[,___ RefSolparticlerandombiasedrelinkingpath , using biased_random_particle as the 

initiating solution and RefSol[1] as the guiding solution. To generate the path, the path relinking 

operation progressively introduces attributes contributed by the guiding solution into the initiating 

solution. In our implementation, one attribute selected randomly from the guiding solution that is not 

in the initiating solution is considered at each relinking step and replaces the corresponding attribute of 

the initiating solution, thus generating a new trial solution between biased_random_particle and 

RefSol[1]. This process is repeated and when the relinked path arrives at RefSol[1], the path is 

extended one more step by further introducing an attribute generated at random that is not in the 

initiating solution. Finally, the path relinking operation terminates and the best solution generated in 

the whole relinked path is returned as the outcome of the process. We remark that the original path 

relinking proposal suggests the use of a best attribute strategy that picks the highest evaluation 

attribute at each step rather than selecting an attribute at random. However, we selected the 

randomized strategy to compare with the particle swarm approach because PSO methods customarily 

rely significantly on randomization. An alternative that deserves further investigation is a probabilistic 

version of the original PR approach that biases the choice of attributes to reflect their quality, so that 

we often tend to choose best and near best attributes. 

The exploratory diversity strategy is activated when either of two critical events occurs. First, if 

the previous best solution RefSol[1] (observed overall by the entire swam) has not been improved for 

t1 consecutive iterations, the swarm is reinitiated by replacing each particle and its previous best by the 

outcome of applying one instance of the path relinking operation, while keeping the reference set 

unchanged. Second, if the previous best of a particular particle has not been improved for t2 

consecutive iterations, the corresponding particle and its previous best is replaced by the outcome of 

performing the path relinking operation. Our experimental results reveal that this critical event 

exploratory diversity strategy can guide the search towards new promising and under-explored regions 

when the search gets stuck in a local optimum. 

4) Conceptual and Algorithmic Description: The conception of the Cyber Swarm Algorithm is 

elaborated in Fig. 2. In this algorithm, the social learning of a particle is not restricted to the interaction 

with the previous best of its neighbors, but instead the learning involves members from a dynamically 

maintained reference set containing the best solutions throughout the search history by reference to 

quality and diversity. 
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Fig. 2.  Conception of the Cyber Swarm Algorithm. 

 
1 Initialize. 

1.1 Generate N particle solutions, iP
r

 = (pi1, pi2, …, pir), 1 ≤ i ≤ N, at random. 

1.2 Generate N velocity vectors, iV
r

 = (vi1, vi2, …, vir), 1 ≤ i ≤ N, at random. 

1.3 Evaluate the fitness of each particle ( )iPfitness
r

, and set previous best solution pbesti to iP
r

. 
1.4 Select R reference solutions, RefSol[m] = (RefSol[m]1, RefSol[m]2, …, RefSol[m]r), 1 ≤ m ≤ R, from the 

particles to construct the initial reference set. Let the reference set be ordered such that RefSol[1] and RefSol[R] 
be the best and the worst members in the set, respectively. 

2 Repeat until a stopping criterion is met. 
2.1 For each particle iP

r
, ∀ i =1, …, N, perform multiple interactions with dynamic social networks using other 

member in the reference set by  
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2.3 Determine the previous best solution pbesti, ∀ i =1, …, N, of each particle. 
2.4 Update reference set w.r.t. quality and diversity of particles and the incumbent members in the reference set. 
2.5 If RefSol[1] has not been improved for t1 iterations, reinitiate all particles and their best solutions by 

( )]1[,___ RefSolparticlerandombiasedrelinkingpathPi ←
r

, ∀ i =1, …, N 

ii Ppbest
r

← , ∀ i =1, …, N 
Else if a particular pbesti has not been improved for t2 iterations, replace its particle and best solution by 

( )]1[,___ RefSolparticlerandombiasedrelinkingpathPi ←
r

, 

ii Ppbest
r

← . 

 

Fig. 3.  Algorithmic summary of the Cyber Swarm Algorithm. 

 

A summary of our Cyber Swarm Algorithm involving function minimization appears in Fig. 3. In 

the initialization phase (Step 1) the initial particle swarm and reference set are prepared, and the 
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elementary components of the algorithm are executed in the main loop (Step 2). Each particle in the 

swarm learns from the members of the reference set using three strategically selected guiding solutions 

(Step 2.1) and benefits from the influence of the best of all the interactions in the dynamic social 

networks (Step 2.2). The previous best of each particle is updated according to quality (Step 2.3) while 

the reference set is updated by reference to quality and diversity (Step 2.4). The exploratory diversity 

strategy is implemented in Step 2.5 by monitoring the two critical events. 

 

4. Experimental Results and Analysis 
We have conducted intensive experiments and statistical tests to evaluate the performance of the 

proposed Cyber Swarm Algorithm and to empirically demonstrate its features. The next few 

subsections provide a comparative analysis involving a number of different variants of the Cyber 

Swarm Algorithm. Our experimental results disclose several interesting outcomes in addition to 

establishing the effectiveness of the proposed method. The platform for conducting the experiments is 

a PC with a 1.8 GHz CPU and 1.0 GB RAM. All programs are coded in C++ language. 

4.1 Test Functions and Parameter Setting of the Algorithms 

We have chosen 30 test functions that are widely used in the nonlinear global optimization 

literature (Laguna and Marti, 2003; Hedar and Fukushima, 2006; Hirsch et al., 2007). The function 

formulas, range of variables, and the known global optima can be found in the relevant literature. 

These benchmark functions have a wide variety of different landscapes and present a significant 

challenge to optimization methods.  

Table 1 Test and suggested parameter values for the Cyber Swarm Algorithm. 
Parameter Test value1 Suggested value 
Number of particles 10, 20, 30, 40 20 
Number of reference solutions 10, 20 10 
Minimum diversity threshold x410− , x510− , x610−  x510−  
Exploratory diversity threshold t1 20, 30, 40, 80, 120 30 
Exploratory diversity threshold t2 50, 60, 70, 80 70 

1 x  denotes the mean length of ranges of problem variables 

The proposed Cyber Swarm Algorithm makes use of several parameters whose test values are 

listed in Table 1. To save the computation effort, we sequentially tested the values of each individual 

parameter instead of testing all combinations among values of different parameters. Thus, a total of 18 

combinations of parameter values have been tested. With each combination, 100 repetitive runs were 

conducted for each of the test functions. The combination of parameter values that resulted in the best 

mean objective value is shown in the last column of Table 1. However, it was seen from our 

experimental results that the mean objective value obtained from different combinations of parameter 

values does not vary significantly using a 95% confidence level, demonstrating that our method is not 
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sensitive to the test values. It is noteworthy that the minimum diversity threshold is adaptive to the 

variable range of the bounded problem in hand. We did not elect the alternative of using a fixed 

minimum diversity threshold for all problems, because of the risk that this could induce the search to 

be drawn to local optima if the reference solutions are too close to one another, or to bypass good 

solutions if the reference solutions are overly far away from the other. The two exploratory diversity 

thresholds (t1 and t2) can be also designed to be adaptively set in response to the given problem by 

using long-term memory as introduced in the Tabu Search (Glover and Laguna, 1997). For example, 

we can measure the mean length of interval (in terms of function evaluations) for the previous best (by 

reference to RefSol[1] in the t1 case or pbesti in the t2 case) when the search was trapped in a local 

minimum, and use this mean length as a basis to determine the threshold for the next exploratory move. 

This allows the landscape of the objective function for a particular problem to be taken into account. 
 

Table 2 Mean number of function evaluations required by each competing algorithm to obtain 
a solution that satisfies the specified quality criterion. 

Number of 
variables 

Function 
name 

Cyber Swarm 
Algorithm 

Standard PSO 
2007 

Confidence 
level 

2 Easom 3391.80 (100) 527.2 (100)  0.000000 
2 Shubert 5399.66 (100) 1194.40 (100) 0.000000 
2 Branin 2121.50 (100) 457.68 (100) 0.000000 
2 Goldstein-Price 1954.10 (100) 352.08 (100) 0.000000 
2 Rosenbrock(2) 5684.63 (100) 2911.32 (100) 0.000000 
2 Zakharov(2) 3132.48 (100) 676.4 (100) 0.000000 
3 De Jong 3600.69 (100) 726.31 (100) 0.000000 
3 Hartmann(3) 3261.00 (100) 374.14 (100) 0.000000 
4 Shekel(4, 5) 2226.10 (100) 24894.88 (100) 0.000000 
4 Shekel(4, 7) 5665.87 (100) 11786.20 (100) 0.000000 
4 Shekel(4, 10) 5796.03 (100) 11874.4 (100) 0.000000 
5 Rosenbrock(5) 22224.4 (100) 75551.04 (89) 0.999635* 
5 Zakharov(5) 6351.30 (100) 1957.9 (100) 0.000000 
6 Hartmann(6) 2574.90 (100) 10385.26 (94) 0.996034* 

10 Sum-Squares(10) 9318.41 (100) 3105.6 (100) 0.000000 
10 Sphere(10) 12886.14 (100) 2477.12 (100) 0.000000 
10 Rosenbrock(10) 40907.69 (88) 99915.2 (2) 1.000000* 
10 Rastrigin(10) 80216.79 (19) 100000.0 (0) 0.999999* 
10 Griewank(10) 98184.2 (15) 96428.32 (4) 0.993005* 
10 Zakharov(10) 11166.53 (100) 7171.2 (100) 0.000000 
20 Sphere(20) 12507.03 (100) 4641.84 (100) 0.000000 
20 Rosenbrock(20) 90994.4 (5) 100000.0 (0) 0.970308 
20 Rastrigin(20) 100000.0 (0) 100000.0 (0) 0.000000 
20 Griewank(20) 17490.31 (43) 71746.62 (31) 0.946563 
20 Zakharov(20) 28760.99 (100) 34899.6(100) 0.000000 
30 Sphere(30) 16038.84 (100) 7430.00 (100) 0.000000 
30 Rosenbrock(30) 100000.0 (0) 100000.0 (0) 0.000000 
30 Rastrigin(30) 100000.0 (0) 100000.0 (0) 0.000000 
30 Griewank(30) 24656.027 (37) 71506.0 (33) 0.671671 
30 Zakharov(30) 65845.72 (100) 94682.0 (73) 1.000000* 

*confidence level greater than 99%. 

 

4.2 Performance 

The performance of the Cyber Swarm Algorithm is compared against another PSO-based 
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algorithm (the standard PSO 2007 available at http://www.particleswarm.info/) and other 

metaheuristic optimization methods. The standard PSO 2007 was just updated on December 10, 2007 

and is considered as the standard test version of PSO. We measure performance in terms of efficiency 

and effectiveness. Efficiency computes the mean number of function evaluations required by a given 

algorithm to obtain an objective value that is significantly close to the known global optimum of a test 

function. Effectiveness is measured by reference to the mean best objective value obtained by a 

competing algorithm that is allowed to consume a maximum number of function evaluations. 

4.2.1 Efficiency 

We adopt a common setting of stopping criterion widely used in the literature to determine if the 

test algorithm has obtained an objective function value ( f~ ) that is significantly close to the known 

global optimum ( ∗f ) of the test function. Specifically, the stopping criterion is defined as 

21
~ εε +<− ∗∗ fff  (8) 

where ε1 and ε2 are set equal to 10-4 and 10-6, respectively. 

A hundred repetitive runs are executed for both the Standard PSO 2007 and the Cyber Swarm 

Algorithm. Each run of the algorithms is terminated at the time when the stopping criterion has been 

satisfied (a run deemed successful) or the number of function evaluations has exceeded 100,000 (a run 

deemed a failure). The numerical results shown in the third and the fourth columns of Table 2 

correspond to the mean number of function evaluations used by each competing algorithm when it 

terminates. The number in the parentheses indicates the number of successful runs out of 100 

repetitions. For the cases where the test functions have three or less variables, the Standard PSO 2007 

seems to consume less function evaluations than the Cyber Swarm Algorithm. This is due to the fact 

that more evaluations are sometimes required to benefit from the enhanced exploration capabilities 

provided by the social learning in dynamic networks (which encompass multiple interactions) as 

employed by the Cyber Swarm Algorithm. For the test functions with four or more variables, the 

number of function evaluations consumed by the two algorithms is comparable, but the Cyber Swarm 

Algorithm has a success rate that dominates (matches or exceeds) that of the Standard PSO 2007.  

More specifically, we observe that, on each of the 100 test runs, the proposed Cyber Swarm 

Algorithm obtains the global minimum of those test functions with less than 10 variables and also 

obtains the global minimum of the Sum-Squares function with 10 variables and instances of the Sphere 

and Zakharov functions with up to 30 variables. The Standard PSO 2007 can meet the stopping 

criterion for the small test functions with less than 10 variables except Rosenbrock(5) and 

Hartmann(6), with which 89 and 94 successful runs are observed, respectively, and also obtains the 

global minimum of the Sum-Squares function with 10 variables and the Sphere function (but not the 
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Zakharov function) with up to 30 variables. For the larger size instances of Rosenbrock, Rastrigin and 

Griewank whose number of variables is 10 or greater, the Cyber Swarm Algorithm consistently 

produces more successful runs than the Standard PSO 2007 except for the three difficult functions 

Rastrigin(20), Rosenbrock(30) and Rastrigin(30), where neither of the two algorithms can meet the 

stopping criterion out of the 100 trials. Furthermore, considering the success rate as a fixed goal of the 

two competing algorithms, we can conduct Fisher’s exact test from the 100 repetitive runs to 

determine whether the success rate obtained by the Cyber Swarm Algorithm is significantly higher 

than that obtained by Standard PSO 2007. Excluding the cases where both algorithms obtain the same 

success rate of either 100% or 0%, the Cyber Swarm Algorithm has a success rate significantly higher 

than the Standard PSO 2007 with a confidence level of 99% for six out of the remaining nine test 

functions (which are known as the most difficult benchmark functions in the literature).  

4.2.2 Effectiveness 

Performance effectiveness is measured in terms of the mean best solution quality that can be 

obtained by a competing algorithm when both algorithms are run for a specified maximum number of 

function evaluations. Each algorithm is executed for 100 independent runs on each test function. For a 

given run, the tested algorithm is allowed to perform 160,000 function evaluations. This value is 

chosen with the goal of ensuring that effectiveness is evaluated when the tested algorithm has very 

likely converged. The third and the fourth columns in Table 3 show the mean best objective values 

obtained by competing algorithms over the 100 runs. The numerical values in the parentheses 

correspond to the standard deviation of the best function values over the 100 repetitions.  

We observe that, except for the simple functions where both algorithms can obtain the global 

optimum, the Cyber Swarm Algorithm significantly outperforms the standard PSO 2007 by producing 

much better function values. The standard deviation derived from the function values discloses that the 

computational results obtained by the Cyber Swarm Algorithm are also more consistent than those 

produced by the standard PSO 2007. In order to determine the extent to which the function values 

obtained by the two algorithms differ, we define a relative measure, merit = (fp−f*+ε)/(fq−f*+ε), where 

fp and fq are the mean best function values obtained by the Cyber Swarm Algorithm and the standard 

PSO 2007, respectively, f* is the global minimum of the test function, and ε is a small constant equal to 

5×10-7. As all the test functions involve minimization, the Cyber Swarm Algorithm outperforms the 

standard PSO 2007 if the value of merit is less than 1.0 (and smaller values represent greater 

differences in favor of the Cyber Swarm algorithm.) We see from the results listed in the last column of 

Table 3 that, except for the simple problems where both algorithms can derive the global minimum, the 

value of merit ranges from 5.5×10-7 to 0.991, thus disclosing that the Cyber Swarm Algorithm 

achieves a significant improvement in effectiveness by reference to the best objective values obtained.  
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Table 3 Mean best function value obtained by using the competing algorithm when it is run for 
a maximum number of function evaluations. 

Number of 
variables 

Function 
name 

Cyber Swarm  
Algorithm 

Standard PSO 
2007 

Merit 

2 Easom -1.0000 (0.0000) -0.9999 (0.0000) 0.3333 
2 Shubert -186.7309 (0.0000) -186.7202 (0.0071) 4.67×10-5 
2 Branin 0.3979 (0.0000) 0.3979 (0.0000) 1.0000 
2 Goldstein-Price 3.0000 (0.0000) 3.0001 (0.0001) 0.0050 
2 Rosenbrock(2) 0.0000 (0.0000) 0.0000 (0.0000) 1.0000 
2 Zakharov(2) 0.0000 (0.0000) 0.0000 (0.0000) 1.0000 
3 De Jong 0.0000 (0.0000) 0.0000 (0.0000) 1.0000 
3 Hartmann(3) -3.8628 (0.0000) -3.8626 (0.0000) 0.0025 
4 Shekel(4, 5) -10.1532 (0.0000) -10.1526 (0.0004) 0.0008 
4 Shekel(4, 7) -10.4029 (0.0000) -10.4019 (0.0008) 0.0005 
4 Shekel(4, 10) -10.5364 (0.0000) -10.5363 (0.0001) 0.0050 
5 Rosenbrock(5) 0.0000 (0.0000) 0.4324 (1.2299) 1.16×10-6 
5 Zakharov(5) 0.0000 (0.0000) 0.0000 (0.0000) 1.0000 
6 Hartmann(6) -3.3224 (0.0000) -3.3150 (0.0283) 6.76×10-5 

10 Sum-Squares(10) 0.0000 (0.0000) 0.0000 (0.0000) 1.0000 
10 Sphere(10) 0.0000 (0.0000) 0.0000 (0.0000) 1.0000 
10 Rosenbrock(10) 0.1595 (0.7812) 0.9568 (1.7026) 0.1667 
10 Rastrigin(10) 0.7464 (0.8367) 4.9748 (2.7066) 0.1500 
10 Griewank(10) 0.0474 (0.0266) 0.0532 (0.0310) 0.8915 
10 Zakharov(10) 0.0000 (0.0000) 0.0000 (0.0000) 1.0000 
20 Sphere(20) 0.0000 (0.0000) 0.0000 (0.0000) 1.0000 
20 Rosenbrock(20) 0.4788 (1.2955) 3.9481 (15.1928) 0.1213 
20 Rastrigin(20) 6.8868 (3.0184) 24.9071 (6.7651) 0.2765 
20 Griewank(20) 0.0128 (0.0130) 0.0129 (0.0137) 0.9910 
20 Zakharov(20) 0.0000 (0.0000) 0.0000 (0.0000) 1.0000 
30 Sphere(30) 0.0000 (0.0000) 0.0000 (0.0000) 1.0000 
30 Rosenbrock(30) 0.3627 (1.1413) 8.6635 (6.7336) 0.0419 
30 Rastrigin(30) 11.9425 (3.9591) 45.1711 (15.8998) 0.2644 
30 Griewank(30) 0.0052 (0.0080) 0.0134 (0.0185) 0.3907 
30 Zakharov(30) 0.0000 (0.0000) 0.9086 (4.8932) 5.5×10-7 

 

We further conduct a more rigorous test using the web-based statistical tools developed by 

Taillard (2005), available at http://ina.eivd.ch/projecs/stamp. Since both of the algorithms are iterative 

methods, we repeat the statistical test for each computational effort in terms of the number of function 

evaluations. In particular, thirty runs are executed for both the Standard PSO 2007 and the Cyber 

Swarm Algorithm. Fig. 4 shows the evolution of the best objective function value obtained by the two 

competing methods. Because the best objective function value obtained by the two algorithms before 

consuming 5000 function evaluations is far from the global minimum, we omitted it in order to focus 

on the interesting range of objective values falling between 0 and 150. The figure shows that the Cyber 

Swarm Algorithm significantly outperforms the Standard PSO 2007 with a 95% confidence interval on 

the sample runs. Another statistical test is conducted to consider the probability that the Standard PSO 

2007 outperforms the Cyber Swarm Algorithm in each computational effort. Fig. 5 shows the p-value 

associated to the statistical test comparing the two methods. The p-value is plotted on a logarithmic 

scale instead of a linear scale, to more clearly disclose the interesting portion between 0% and 5%. We 

observe that the p-value is less than 5% for most of the evolution. Those p-values which are greater 

than 5% only appear when the number of function evaluations is between 3000 and 8000, where the 
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best objective function value obtained by the two methods is still far from the global minimum. 

Therefore, we can reject the hypothesis that the Standard PSO 2007 is better than the Cyber Swarm 

Algorithm.  
 

 

Fig. 4.  The evolution of the best objective function value of the two competing methods with 95% 
confidence interval.  

 

 

Fig. 5.  The p-value for the Standard PSO 2007 being better than the Cyber Swarm Algorithm.  

4.2.3 Comparison Against Other Metaheuristics 

We have shown that the Cyber Swarm Algorithm outperforms one of the best versions of PSO (the 

Standard PSO 2007). Next, we compare the performance of the Cyber Swarm Algorithm against other 
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metaheurisitc algorithms, namely, the Continuous GRASP (C-GRASP) (Hirsch et al., 2007), Direct 

Tabu Search (DTS) (Hedar and Fukushima, 2006), Monte Carlo Simulated Annealing (MCSA) 

(Vanderbilt and Louie, 1984), and the Sniffer Global Optimization (SGO) (Butler and Slaminka, 1992). 

C-GRASP and DTS belong to the class of the best known optimization methods. We chose these 

methods also because each was tested with some of the test functions considered in this paper. Table 4 

lists the results of mean number of function evaluations needed by each competing algorithm to reach 

the stopping criterion (Eq. (8)) and the success rate out of 100 runs. The table shows that C-GRASP 

and the Cyber Swarm Algorithm have a success rate higher than the other metaheuristics while 

consuming more function evaluations. This is because C-GRASP and the Cyber Swarm Algorithm 

employ a more advanced exploration capability to identify the region containing the global minimum. 

The only case where C-GRASP has a success rate higher than the Cyber Swarm Algorithm is the 

Rosenbrock function with 10 variables, however, the C-GRASP consumed an extremely high number 

of function evaluations in order to obtain a 100% success rate.  

 
Table 4 Performance against other best known metaheuristic algorithms. 
Function 
Name 

MCSA SGO DTS C-GRASP Cyber Swarm 
Algorithm 

Branin(2) 557 (100) 205 (100) 212 (100) 59857 (100) 2121.50 (100) 
Easom(2) − − 223 (82) 89630 (100) 3391.80 (100) 
Goldstein-Price(2) 1186 (99) 664 (100) 230 (100) 29 (100) 1954.10 (100) 
Shubert(2) − − 274 (92) 82363 (100) 5399.66 (100) 
Hartmann(3) 1224 (100) 534 (99) 438 (100) 20743 (100) 3261.00 (100) 
Hartmann(6) 1914 (62) 1760 (99) 1787 (83) 79685 (100) 2574.90 (100) 
Rosenbrock(2) − − 254 (100) 1158350 (100) 5684.63 (100) 
Rosenbrock(5) − − 1684 (85) 6205503 (100) 22224.4 (100) 
Rosenbrock(10) − − 9037 (85) 20282529 (100) 40907.69 (88) 
Shekel(4, 5) 3910 (54) 3695 (90) 819 (75) 5545982 (100) 2226.10 (100) 
Shekel(4, 7) 3421 (64) 2655 (96) 812 (65) 4052800 (100) 5665.87 (100) 
Shekel(4, 10) 3078 (81) 3070 (95) 828 (52) 4701358 (100) 5796.03 (100) 
Zakharov(5) − − 1003 (100) 959 (100) 6351.30 (100) 
Zakharov(10) − − 4032 (100) 3607653 (100) 11166.53 (100) 

 

4.3 Analysis 

4.3.1 Strategically Selected Guiding Solutions 

In order to understand the influence on performance of using various guiding solutions, we 

compare several variants of the Cyber Swarm Algorithm. The notation ‘nS(L)’ distinguishes among 

these variants as follows. The first symbol n indicates the number of guiding solutions used in the 

velocity updating formula (Eq. (6)) of the Cyber Swarm algorithm and the second symbol S refers to 

the identities of guiding solutions. The indexes p and g represent pbest of the focal particle and gbest of 

the swarm. The indexes k and h refer to any other member in the swarm or the reference set. Because 

there is no advantage to including identical points in the set of guiding solutions, we check for and 

eliminate such duplicate points to make the algorithm more efficient. Finally, the symbol L indicates 
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the set to which the member k or h belongs, i.e., L can be either ‘Swarm’ or ‘RefSet’. Note that all these 

algorithmic variants, although using different sets of guiding solutions, still apply the dynamic social 

network learning and the diversification strategy of the Cyber Swarm Algorithm. 

We investigate two categories of variants of the Cyber Swarm Algorithm. The first category 

induces social learning in each particle by drawing on the best experience (solution) encountered by 

any other particle in the swarm. The second category uses the members from the reference set as 

guiding solutions to determine the direction in which to move the particle. For each category, we 

further conduct an examination to determine which information is essential, as evidenced by the fact 

that removing this information mars the system performance. The descriptions of the tested 

algorithmic variants are listed in Table 5.  

 
Table 5 Descriptions of the variants of the Cyber Swarm Algorithm. 
Algorithmic 
variant 

Guiding solutions1 Description 

2pk(Swarm) pbesti, pbestk, ∀ k≠i, k≠k* Always include pbesti but exclude gbest 
2gk(Swarm) gbest, pbestk, ∀ k≠i, k≠k* Always include gbest but exclude pbesti 
3pgk(Swarm) pbesti, gbest, pbestk, ∀  k≠i, k≠k* Always include both of pbesti and gbest 
3pkh(Swarm) pbesti, pbestk, pbesth, ∀ k, ∀ h, k≠h; k, h∉ {i, k*} Always include pbesti but exclude gbest 
3gkh(Swarm) gbest, pbestk, pbesth, ∀ k, ∀ h, k≠h; k, h∉ {i, k*} Always include gbest but exclude pbesti 
2pk(RefSet) pbesti, RefSol[k], ∀ k>1, RefSol[k]≠pbesti Always include pbesti but exclude gbest 
2gk(RefSet) gbest, RefSol[k], ∀ k>1, RefSol[k]≠pbesti Always include gbest but exclude pbesti 
3pgk(RefSet) pbesti, gbest, RefSol[k], ∀ k>1, RefSol[k]≠pbesti Always include both of pbesti and gbest 
3pkh(RefSet) pbesti, RefSol[k], RefSol[h], ∀ k>1, ∀ h>1, k≠h; 

RefSol[k]≠RefSol[h]≠pbesti 
Always include pbesti but exclude gbest 

3gkh(RefSet) gbest, RefSol[k], RefSol[h], ∀ k>1, ∀ h>1, k≠h; 
RefSol[k]≠RefSol[h]≠pbesti 

Always include gbest but exclude pbesti 

1k*  indicates the index of the particle that delivers gbest 
 

We use the same measure of merit defined in previous experiments to identify the best form of the 

Cyber Swarm Algorithm. Note that we only plot the results where the compared methods produced 

different merit values to provide a clear visual comparison in Figs. 6-9 of all the following analyses. 

Figs. 6 and 7 show the logarithmic value of the merit where the competing variants in their separate 

learning categories obtain different minimal objective values. For the Cyber Swarm variants that learn 

from the swarm members (as opposed to the RefSet members), Fig. 6 shows that 3pgk(Swarm) 

surpasses the other variants in solving most large problems. On the other hand, for the Cyber Swarm 

variants that learn from the RefSet members, 3pgk(RefSet) and 3pkh(RefSet) beat the other variants 

handily in solving most functions as shown in Fig. 7. 

Overall, we observe that the best algorithm in each learning category is 3pgk(RefSet) and 

3pgk(Swarm), respectively, and they outperform the Standard PSO 2007 significantly. It is noteworthy 

that, for both learning categories, the variants using 2pk, 3pgk and 3pkh are superior to those using 2gk 

and 3gkh, meaning that pbesti is an essential piece of information in conducting the Cyber Swarm 

learning. With the presence of pbesti as one of the guiding solutions, it is beneficial to select the other 
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guiding solutions to consist of gbest and any other member from the Swarm or the RefSet. Furthermore, 

we see that all the variants that learn from the RefSet perform better than their counterparts that learn 

from the Swarm, so the use of the reference set from Scatter Search (SS) plays a central role in the 

design of an effective hybrid combining PSO and SS/PR. 

 

 

Fig. 6.  Logarithmic value of the merit obtained using the Cyber Swarm Algorithms learning from 
swarm members. 

 

 

Fig. 7.  Logarithmic value of the merit obtained using the Cyber Swarm Algorithms learning from 
RefSet members. 
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4.3.2 Evaluating the Best Forms of the Cyber Swarm Algorithm: Weighting of Guiding 

Solutions 

As previously noted, the weighting ωi for the guiding solutions (see Eqs. (6) and (7)) can be 

performed using equal weighting, fitness weighting, and self weighting. Thus we study these 

alternative weighting schemes for the best algorithms of each category identified in the previous 

section, namely the 3pgk(Swarm) and the 3pgk(RefSet). We denote by Equal(Swarm), 

Fitness(Swarm), Self(Swarm), Equal(RefSet), Fitness(RefSet), and Self(RefSet) the best algorithms 

with the alternative weighting schemes. Fig. 8 shows the logarithmic value of the merit obtained using 

the indicated Cyber Swarm Algorithm variants with alternative weighting schemes. It is seen that 

remarkable performance improvement can be obtained using appropriate weighting schemes. In 

particular, the ranking order of these algorithms according to their overall performance by computing 

their product of merit values is {Fitness(RefSet), Equal(RefSet), Self(RefSet), Equal(Swarm), 

Fitness(Swarm), Self(Swarm)} with Fitness(RefSet) being the best and Self(Swarm) being the worst. 

The Fitness(RefSet) algorithm can obtain the global minimum in all repetitive runs for 28 out of the 30 

test functions, the only two exceptions being Rosenbrock(20) and Rosenbrock(30), for which the 

results of 0.000045 and 0.007849 are reported as the mean best function values. 

 

Fig. 8.  Logarithmic value of the merit obtained using the best Cyber Swarm Algorithms with various 
weighting schemes. 

 
4.3.3 Social Network 

One of the major motivations leading to the development of the Cyber Swarm Algorithm is the 

conjecture that different forms of social networks can have a major impact on the learning process. The 

solution found by the interaction of the particle with its best neighbor may not be better than that found 
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by the interaction with the second best, or the third best, etc. Our proposed Cyber Swarm Algorithms, 

which learn by reference to the Swarm or by reference to the RefSet, incorporate a dynamic social 

network (DN) where each individual particle systematically interacts with every member of the group 

it communicates with. As an alternative, the Cyber Swarm Algorithms can also establish a random 

social network (RN) as a basis for influencing the individual by selecting a random member from its 

communicating group, although this recourse to randomization departs from the strategic orientation 

of adaptive memory methods. Fig. 9 shows the logarithmic value of the merit derived from employing 

these four different forms of social networks (two dynamic and two randomized). We see that 

DN(Swarm) and DN(RefSet) significantly surpass RN(Swarm) and RN(RefSet) for the large functions. 

This outcome supports the strategic orientation of adaptive memory methods by disclosing the 

important fact that social learning is more effective in a (strategic) dynamic network than it is in a 

random network (which could be construed as a special form of dynamic network). 

 

Fig. 9.  Logarithmic value of the merit obtained using different forms of social network. 

 

5. Concluding Remarks and Discussions 

We have proposed a class of methods called Cyber Swarm Algorithms that incorporate adaptive 

memory learning strategies derived from principles embodied in Scatter Search and Path Relinking. 

We examine two primary variants that entail: (1) learning from every member of the swarm and (2) 

learning from every member of an SS/PR reference set. (We note that (1) may be viewed as a “soft 

version” of (2) where the reference set is chosen to consist of the entire swarm.) The resulting 

algorithms are shown to perform significantly better in terms of both solution quality and robustness 

than the Standard PSO 2007, which is widely considered as the best PSO method for solving these 
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kinds of global optimization problems.  

In the path relinking component, our algorithms select a small set of essential guiding solutions 

from the swarm or the reference set (according to whether (1) or (2) is used) and consider multiple 

perspectives when influencing the individual particle’s behavior. The number of guiding solutions 

should be in an appropriate range to make the guidance information clear and unambiguous; in our 

experiments the version with three guiding solutions works best on all functions tested. Between the 

approaches of (1) and (2), we establish that the exploitation of the reference set in (2) yields more 

robust outcomes under a broad range of experimental conditions, and provides a superior method 

overall. 

Our findings motivate the application of the Cyber Swarm methodology to other problem domains. 

It seems likely that the incorporation of additional strategic notions from scatter search and path 

relinking may yield Cyber Swarm Algorithms that are still more effective, thus affording further 

promising avenues for future research.  
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